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An e.fWent method for computing the number of invariants of the quotient 
group C/C IT T, where C is the group of circular units in the maximal real subfield 
of the qth cyclotomic field, q is a prime, and T is the group of totally positive 
units, is developed by establishing an isomorphism between C/C A T and a 
specific ideal in the algebra F[x]/<x” + I>, where F is the Galois field of two 
elements and p = (q - 1)/2. Based on computations using this method, it is 
conjectured that every totally positive circular unit is a square ifp is a prime. 
Let q denote a rational prime >3, L the qth cyclotomic field, K the maximal 
real subfield of L, C the group of circular units in K, and T the group of 
totally positive units in K. The purpose of this paper is to describe an efficient 
method for computing the %-dimension of the group C/C n T. This number 
is known to relate to questions involving circulant matrices (see Taussky [l], 
Garbanati and Thompson [2]) and also to the parity of the class number of 
L (see Hasse [3], Arm&age and Frohlich [4], Adachi [5], Gras [6, 71, and 
Garbanati [8]). The 2-dimension of C/C n T is less than or equal to the 
2dimension of C/P, which is known to equal p = (q - 1)/2 and clearly 
equals p iff every totally positive circular unit is the square of a circular unit. 
Tables of the exact 2dimension of C/C n T for all cases in which it does not 
equal p and for all q < 929 are given at the end of this paper. The following 
conjecture is based on these tables and on calculations made using the results 
of this paper for q < 4,703. 
CONJECTURE. If q is a prime and p = (q - 1)/2 is a prime, then every 
totally positive circular unit is the square of a circular unit. 
1. MAIN RJYWJLTS 
In addition to the notation above, throughout the following, F will denote 
the finite field of two elements, Q will denote the rationals and G the Galois 
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group of K over Q. Let 0 denote the map from K* to F defined by u01 = 0 
if 01 > 0 and UIX = 1 if 01 -=c 0. The signature map from K* to the group 
algebra FG is defined by 
sgn 01 = JIG +A4> g 
Let [*I denote the function which assigns to any rational integer its least 
positive residue mod q. 
Since C/C n T is isomorphic to a subgroup of C/Cz, C/C n T may be 
viewed as an F module if multiplication is viewed as addition. The map 
sgn induces an F module monomorphism from C/C n T to the group algebra 
FG. Moreover since it can be shown that C is G invariant, it follows that 
the F submodule of FG isomorphic to C/C n T is also a G submodule of 
FG, i.e., an ideal of FG. Since G is cyclic of order p, FG is a Galois algebra 
and hence every ideal corresponds uniquely to some factor of the poly- 
nomial x’ + 1 in F[x]. The theorems below enable one to calculate the ideal 
in FG isomorphic to C/C I? T by explicitly calculating the factor of x” + 1 
which determines it. As a consequence it will then follow that the 2dimension 
of C/C n T equals p less the degree of this factor. Let 5 = exp(2Ti/q). 
Then the field K equals Q(< + 5-l). Let t be a primitive root mod q and let s 
be the element of G induced by s(c) = 5”. Then s is a generator of G. 
The group C of circular units in K is generated by the units uI ,..., uP , where 
z41 = -1, 
zl, = (5” - PM1 - 5-‘1 
for m = 2,...,p. 
For each i = O,..., p - 1 there exists ri = + 1 or -1 such that 
Extend the definition of rk to all integers k by defining rk = ri iff 
k E i modp. The mapping i + [r&l is a bijection from the set {O,..., p - l} 
to the set {l,..., p). Using this bijection we may relabel the units above as 
vo 9 01 ,*.-, v,-1 * 
LEMMA. For each integer k de#ne pk and 61, by 
,,k = OEF if rk=+l, 
= ~EF if rk=-1, 
S,=OEF if M < P, 
= 1gF if PI > P. 
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Then for all i,j, 1 < i,j <p - 1, 
u(Si(Uj)) = pi -t pj + pi+j + 6i+j * 
ProoJ: Note that 
si(uj) = sin(27r[riti][rjtj]/q)/sin(2vr[r,ti]/q). 
Since 
o(sin(2#q ) = 0 if PI < P, 
z= 1 if WI > P, 
it follows that 
U(Si(Uj)) = 0 if [r#r#] < p, 
1 if [r$r,tj] > p. 
Since t is a primitive root mod q, t” = - 1 mod q. Define, for all integers 
i, di by 
di = $1 if PI < p, 
= -1 if [i] > p. 
ThenifO<i,jdp-landn=i+jmodp,O<nnp--1, 
r,t+,tj = (rirjri+jdi+j)(ri+jtn) mod q 
and [ri+$“] < p. Therefore 
a(si(q)) = 0 if rirjri+jdi+j = + 1, 
=l if rirjri+jdi+j = - 1. 
Now we simply observe that for all integers i 
ri = 1 iff pi = 0, di = 1 iff & = 0, 
ri _- . ..-I iff pi=l, di = -1 iff Si = fl. 
and the lemma follows. 
THEOREM 1. Let h(x) be the polynomial in F(x) dejined by 
9-l 
h(x) = c pixi, 
2’=0 
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where pi is defined as above. Let f (x) be the polynomial in F[xJ, 
f(x) = g.c.d.(l + (x + 1) h(x)), 1 + x”). 
Then C/C A T is isomorphic to the ideal ( f(s)> in FG. 
Proof. The ideal in FG which is isomorphic to C/C n T is generated by 
the elements f,(s) = sgn(vJ, j = O,..., p - 1. First note that 
fo(s) = 1 + s + **. + sp--l 
By the lemma, if j = l,..., p - 1, 
9-l 
.fXs) = C CPi + Pj + Pt+j + h+jl si- 
i=o 
Note that 
Since sp = 1, 
Let 
9-l 
h(s) = C pis”. 
i=O 
9-1 D-l 
sp-jh(s) = C pis”-j = C pi+jsiS 
i=O LO 
9-l 
m,(s) = C 6i+jsi. 
i=o 
It follows that for] = l,...,p - 1, 
Hence, 
f;(s) = h(s) + pi.&(s) + sp-W) + w(s) 
= pdX4 + m(s) + W--l + 0 h(s). 
A(s) + pJ&) = w(s) + W-l + 1) h(s). (*) 
Note that 
m,(s) = s’-5(1 + s + ..a + d-1). 
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Hence for j = O,..., p - 2, 
That is, for j = 0 ,.,., p - 2, 
h+&) +.ht.Q + tp5+1  P5).m) = s”-‘5+1’tl + (1 + 4 w. 
Since P’-(‘+l) is a unit in FG, it follows that 1 + (1 + s) h(s) is an element of 
the ideal generated by fo(s),...,f~&). Moreover, since I + (1 + x) h(x) 
is relatively prime to x + 1, in F[x], it follows that 
fo(s) = 1 + s + *** + P-1 
is an element of the ideal generated by 1 + (1 + s) h(s). 
By successively setting j = 0, 1 ,..., p - 2 above, it follows that A(s), 
forj= 1 ,...,p - 1 are also elements of the ideal generated by 1 + (1 + s) h(s). 
Therefore, 
~fo(~),...,fP-&)> = 0 + (1 + s) h(s)). 
In the case q = 3 mod 4, or equivalently p is odd, a slight simplification 
of the previous result is possible. As before, let I be a primitive root mod q. 
Redefine the generator s of G to be the automorphism of K induced by 
.r(LJ = 5”” also redefine the rk for all integers k by assigning +l or -1 
to r, in order that 
Note that rk: is uniquely defined for k modp. We are able now to dispense 
with the definition of 6, and with respect to the rk defined above the following 
variation of Lemma 1 can be proved. 
LEMMA 2. Assume q = 3 mod 4 and define s and rk as in the above 
paragraph. Define px by 
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Thenforalli,j,l <&j&p--I, 
ProoJ Similar to the proof of Lemma 1, with t replaced by P; dispense 
with di and Si . 
THEOREM 2. Assume q = 3 mod 4. Let L(x) be the polynomial in F[x] 
defined by 
v-1 
L(x) = c &Xi, 
i=O 
where pi is defined in Lemma 2. 
Let f(x) be the polynomial in F[x] defined by 
f(x) = g.c.d.(L(x), 1 + x + a.. + ~“-1). 
Then C/C A T is isomorphic to the ideal ( f(s)) in FG. 
ProoJ The proof follows the proof of Theorem 1 with the feature that 
now mj(s) = 0, i.e., Si is no longer needed. In this case Eq. (*) of Theorem 1 
is replaced by 
h(s) + PLm) = w--j + 1) L(s), 
for j = l,...,p - 1. Hence, since now p is odd, it follows that 
Hence, 
P-l 9-l 
Mom + 
( 1 
z. P5 so(s) = G(s) + P) L(s) 
= cMs) + 1) Us). 
L(s) = oh + (!I +d~s) + L(Mds). 
j=O 
Therefore, L(s) is an element of the ideal generated by f,(s),f,(s),...,f,-,(s). 
By the equation above, it now follows that this ideal is generated by L(s) 
and fo(s) and hence is equal to the ideal generated by f (s). 
COROLLARY 1. Let n be the degree of the polynomial f (x) defined in either 
Theorem 1 or if q = 3 mod 4, Theorem 2. Then the 2-dimension of C/C n T 
equals the d@erence p - n. 
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Proof. Note that f(s), sf(s),..., P-+-~~(s) is an F-basis of the ideal (f(s)). 
COROLLARY 2. Let q be a prime for which p is also a prime. Suppose also 
that 2 is a primitive root modp. Then C n T = C2. 
Proof. It is sufficient to prove that the 2-dimension of C/C n T equals p. 
By the hypotheses it must equal 1 or p. Since u1 = - 1 and up are not totally 
positive and do not differ by a totally positive circular unit, the 2dimension 
of C/C n T must equal p. 
COROLLARY 3. Let q be a prime for which p is a prime, p = 3 mod 8 
and (p - 1)/2 is a prime. Then C n T = C2. 
Proof. It follows from these hypotheses that 2 is a primitive root modp. 
From Corollary 3, it immediately follows, for example, that C n T = C2 
if q = 2039. However, Corollary 2 applies to the case q = 59, for example, 
where Corollary 3 does not apply. 
2. COMPUTATIONS AND RESULTS 
The 2-dim of C/C n T was computed over a period of time using different 
methods and different programs to cross check results. All runs were made 
on an IBM 7094. 
The first method used was based on the observation that the 2-dim of 
C/C n T equals the Frank of the p x p matrix 
M = O(Sp4j)), i = 0,l )...) p- 1, j= 1,2 )...) p. 
Hasse [3] calls the determinant of M the regulatrix of the group of circular 
units. By permuting columns and adding the first row to each successive row 
it can be shown that M has the same F rank as 
M’ = (mij), where mij = 0 if &I < P, 
=1 if [ij] > p, i,j = l,..., p. 
The rank of M’ was calculated for q < 100 using a Fortran program. Then 
an IBMAP program was used to recheck the results and extend them to 
q Q 929. The results in this paper (essentially Theorem 2) were then used 
to recheck the cases for q < 929, q = 3 mod 4 and to test the conjecture 
for q < 4,703. 
Table I lists for q d 929, q prime, only the cases for which the 2-dim 
of C/C n T is less than p. In every other case, the 2-dim equals p. 
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TABLE I 
Computational Results, q < 929 
4 P dim, C/C n T 
29 14 11 
113 56 53 
163 81 79 
197 98 95 
239 119 116 
277 138 134 
311 155 145 
337 168 162 
349 174 170 
373 186 181 
397 198 194 
421 210 206 
463 231 228 
491 245 239 
547 273 271 
607 303 301 
659 329 326 
683 341 336 
701 350 347 
709 354 350 
751 375 371 
827 413 407 
853 426 424 
883 441 435 
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